We consider a complete financial market with deterministic parameters where an investor and a fund manager have mean-variance preferences. The investor is allowed to borrow with risk-free rate and dynamically allocate his wealth in the fund provided his holdings stay nonnegative. The manager gets proportional fees instantaneously for her management services. We show that the manager can eliminate all her risk, at least in the constant coefficients case. Her own portfolio is a proportion of the amount the investor holds in the fund. The equilibrium optimal strategies are independent of the fee rate although the portfolio of each agent depends on it. An optimal fund weight is obtained by the numerical solution of a nonlinear equation and is not unique in general. In one-dimensional case, the investor's risk is inversely proportional to the weight of the risky asset in the fund. We also generalize the problem to the case of multiple managers and provide some examples.
Introduction and problem formulation
In this paper, we consider a delegated portfolio management problem in a complete financial market where a small investor does not have direct access to the risky assets in an equity market (due to high transaction costs, taxes, or other constraints). So the investor trades dynamically through a mutual fund by paying an instantaneous fee to a fund manager. For a recent (and the first to our knowledge) work on the relationship between fund flows and fund returns in a dynamic setting, one may see Hugonnier and Kaniel [6] where the investor has a log utility and the manager has an increasing and strictly concave utility. Our setup differs from theirs mainly in the choice of utility functions for the agents, the extension to the multiple fund managers case, and the explicit characterization of manager's strategy. We assume that both the investor and manager have mean-variance preferences which result in different optimal allocations even in the 2 Delegated portfolio management deterministic coefficients case. The fund portfolio weights depend on the preferences of the manager and influence the value function of the investor. Therefore, investor would benefit from a competition among multiple mutual funds. Because of the short selling constraints, investor faces an incomplete market situation, and the quadratic optimization techniques using martingale duality or Riccati BSDEs are not easily applicable to our case. One may refer to Lim [10] for recent applications and shortcomings of Riccati BSDEs.
In this work, we mainly consider the deterministic coefficients case where dynamic programming principle (DPP) would apply to the problem of the investor. We show that given the fund portfolio proportions by the manager, the optimal portfolio of the investor is a feedback control depending on the wealth of the investor and the fund's net of the fees Sharpe ratio. The optimal wealth process is a viscosity solution to the corresponding Hamilton-Jacobi-Bellman (HJB) equation. We characterize the manager's optimal strategies (both her own portfolio and the fund's portfolio) through martingale duality method thanks to the market completeness. We also provide some numerical examples with financial interpretation and generalize the results to the case of multiple fund managers.
Throughout the paper, we only consider the case of the fixed fee rate and do not discuss the optimal compensation contracts and performance fees. We refer the reader to OuYang [13] , Cvitanić et al. [4] and references therein for a discussion of such concepts in the setting of principal-agent problems. In the multiple managers case, we assume that the investor chooses only one of the managers to minimize his risk. In a more general and realistic setup, the investor would consider a combination of various managers. However, this generalization is not discussed here, either.
1.1. The model. Let { t , 0 ≤ t ≤ T} be the complete σ-algebra generated by an n-dimensional Brownian motion B = (B 1 ,...,B n ) on a probability space (Ω, ,P). Assume that r, μ, and, σ are R, R n , and R n×n valued continuous parameters on [0, T], respectively, such that σ −1 and θ = σ −1 (μ − r1) are uniformly bounded and μ i − r > 0, 1 ≤ i ≤ n, on [0,T]. We introduce the "state price density" process H as
is a strictly positive martingale and the prime ( ) denotes the transpose of a matrix. The risk neutral probability measure P 0 is given by P 0 (A) = E[1 A Z 0 (T)] under which the process B 0 (t) B(t) + t 0 θ(s)ds is an n-dimensional Brownian motion. The risk-free asset S 0 and the n risky assets
(1.1)
Then the discounted process S(·) S(·)/S 0 (·) with S(t) = (S 1 (t),...,S n (t)) is a martingale with respect to P 0 :
1.2. Dynamics for the fund, investor, and manager. We first study the case of a single fund manager who decides both the fee rate and the fund portfolio. Given an ndimensional portfolio weight process (dollar proportions) π(t) by the manager, the value of the fund for one dollar invested satisfies
Our emphasis in this paper is mainly on the portfolio weight processes for which both the fund value and the net of the fees Sharpe ratio (π σθ − γ)/|σ π| 2 (t) of the fund are nonnegative, where γ ∈ (0,1) is the fee rate determined in advance. We will discuss the significance of such portfolio weights in the next section. The cumulative discounted fee process Φ(t) that represents the market value of the manager's compensation for management services is given by
is the dollar amount that the investor keeps in the fund at time t = s. The investor is allowed to change the amount φ in the fund dynamically provided φ stays nonnegative. Given an admissible π by the manager and the investor's corresponding portfolio φ π ≥ 0, the dynamics of the investor's wealth process can be written as
Remark 1.1. The admissibility criterion can be restricted to the portfolios φ for which the wealth W(t) is bounded from below: W(·) ≥ M, for some M. For a recent work on a portfolio selection problem under bankruptcy constraint, see [1] .
We assume that the investor has mean-variance preferences over the terminal wealth. His objective is to minimize the variance
, he would just invest in the risk-free bond. By introducing a Lagrange multiplier λ ≥ 0, this problem can be written in the form
that is similar to a portfolio selection problem studied by Li et al. [9] . As being the strategic leader in this setup, the manager decides the fund's strategy π as well as her own portfolio ψ M . She receives the cumulative fee process 
She has mean-variance preferences and her aim is to minimize
Optimal trading strategies
We assume that the agents observe the actions of each other and the fee rate γ is constant. As in [6] , the portfolio allocation problem with a single manager can also be viewed as a stochastic game where the manager is a Stackelberg leader and the equilibrium is achieved as follows. First, the investor solves his optimization problem given π by the manager. Then, the manager solves her own optimization problem. Finally, she solves for the optimal fund strategy from her perspective. 
for 0 ≤ t ≤ T, where ρ(t) represents after the fees Sharpe ratio of the fund.
The investor's problem.
We introduce a new process X as follows:
Then the dynamics of X is
3) 4) and the optimization problem (1.4) can be rephrased as follows: consider the cost function J π (s,x;φ) = E[X π,φ (T) 2 ] with X(s) = x, and define 6) where the initial condition x 0 = x 0 (λ) in (2.4) depends on λ. In the rest of the paper, we will usually suppress the dependence on λ, π, and φ, for the simplicity of the presentation.
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Now, fixing λ ≥ 0, the value function V (t,x) with the terminal condition V (T,x) = x 2 satisfies the HJB equation
This PDE does not necessarily have a smooth solution due to the short selling constraint φ ≥ 0. However, we will show below that the viscosity solution to the PDE (2.7) can be obtained when π is restricted to some deterministic portfolio weights.
be an optimal portfolio of the investor for π ∈ Π. Then the set of the feasible fund portfolio weights is defined by
We first characterize the optimal strategy of the investor when π ∈ Π f via a viscosity solution to the HJB equation (2.7). Then, we consider the random parameters case when π is a bounded adapted process satisfying ρ π (t) > 0. Proposition 2.3. Let π ∈ Π f and λ ≥ 0 be given, and let ρ and ξ be as in (2.1) . Define
Then the HJB PDE (2.7) has a viscosity solution v(t,x) which is given by
v(t,x) = ⎧ ⎨ ⎩ a(t)x 2 , xρ(t) ≤ 0, A(t)x 2 , xρ(t) > 0,(2.
10) and the control {φ(t, X(t)) : X(s) = x, t ≥ s} is optimal for the problem (2.5).
Proof. See Appendix A.
Remark 2.4.
Note that the optimal state process with X(0) = x 0 < 0 and dynamics
has the unique solution
) which is negative a.s. on [0,T] when π ∈ Π f . Therefore, Proposition 2.3 simplifies to the following.
with the optimal control
where a(·) and A(·) are given by (2.8) .
is a smooth solution of the PDE (2.7) with the optimal control φ(t,X(t)) = −ρ(t)X(t).
Remark 2.6. Since a ≤ A on [0, T], the investor prefers the fund portfolio weights with ρ(·) > 0 to minimize V (t,x) in (2.12). When ρ(t) ≤ 0, he does not invest in the fund by (2.13) and the manager does not get any compensation. So, it is not an optimal strategy for the manager to choose such fund portfolio weights π which are not feasible in the sense of Definition 2.2, either. Hence, the condition ρ(·) > 0 is a reasonable assumption from the perspectives of both agents. These portfolio weights also allow us to extend the results above to the random parameters case using martingale duality method.
Definition 2.7. The set ᐁ of admissible control processes is defined by We then have the following result. 
with an optimal control Proof. See Appendix B.
Remark 2.9. The martingale duality is a standard tool to characterize the optimal terminal condition in a complete market setting. The condition ρ(·) > 0 reduces the constrained optimization problem (2.5) to an unconstrained one (as in the proof of Proposition 2.8).
So the duality argument works as if the investor faces a complete market. For more information on the theory and applications of martingale duality method, one can refer to [3, 7] . Now, we turn back to the original problem: for any given λ ∈ R and π ∈ Π f , let Γ(λ;π) be the optimization problem given by (2.6). Then by (2.12), we get
After substituting a(0) into the formula and using 0 (2.17 ) results in a concave quadratic function:
(2.18) Now, we can find the optimal λ by solving the equation
for λ, where 
Remark 2.10. By following similar arguments above, or using martingale duality method as in [2] , one can show that when investor has no constraints (has direct access to the market), the corresponding optimal values are
where
Hence, the optimal portfolio φ(t) = −ρ(t)X(t) of the investor can be written as 
Remark 2.12. For one-dimensional constant parameters case, the functional Γ(λ
, that is, a convex decreasing (concave increasing, resp.) function of π ∈ (γ/(μ − r),∞) (c ∈ (we rT , ∞), resp.).
Manager's problem.
Given the best response φ π (t) of the investor to the portfolio weight process π, the manager's own portfolio ψ π (t) can be optimized by using the standard duality methods taking the advantage of the market completeness. Some of the following arguments and notation are also similar to the ones in [6] .
By Corollary 2.5, the cumulative fee process is 
holds. Also define the set of the admissible portfolio processes for the manager, denoted by Ψ π , as follows:
n : the SDE (1.5) has a unique solution and (2.28) is satisfied .
For a given π ∈ Π f , and λ M ≥ 0, we then define
(2.30)
Since λ M is independent of ψ, we first solve the following optimization problem. 
. Therefore, we obtain
Before we find the optimal portfolio ψ = ψ(λ M ), we compute υ π (t).
Lemma 2.14.
γφ(u,X(u))exp(− u t r(s)ds)du], and X(t) satisfies
34)
Proof. The identity (2.35) follows from (2.2) and (2.24). The discounted process X π sat- As a corollary, we obtain the market value of the expected accumulated fees. is a square integrable martingale with respect to P 0 . In particular, with t = T, we obtain the identity
isfies the SDE dX(t) = X(t)[γρ(t)dt − ρ(t)π σ(t)dB 0 (t)], 0 < t ≤ T, with the unique solution
where, by Clark-Ocone formula, ψ M satisfies
and D t is the Malliavin derivative operator with respect to the Brownian motion B 0 (we refer the reader to the sources by Nualart [11] and Øksendal [12] for the technical aspects of Malliavin calculus). We have, by (2.31) and the chain rule of the Malliavin derivative, 
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in the deterministic coefficients case, where
Then, by (2.32) and (2.50), the corresponding Lagrange multiplier α is
Corollary 2.17. For π ∈ Π f given, the optimal terminal wealth and the optimal portfolio of the manager are given by 
Optimal fund portfolio.
In the rest of this section, we assume π ∈ Π f and let Δ be as in (2.52). Then, the manager's optimal fund portfolio choice problem becomes minimizing the value function
Now, by (2.50)-(2.55), straightforward computations show that
which attains the minimum value 0 when
Hence, an optimal portfolio π ∈ Π f is characterized by the condition (2.57) in the deterministic coefficients case if this identity is attained by some π ∈ Π f .
Remark 2.
18. An optimal solution to (2.56) in the set Π f minimizes the cost functional (υ π (0) − Δ) 2 which is not guaranteed to vanish. Numerical schemes (e.g., vector optimization techniques) would be used to obtain such a solution. Note also that the optimal α π and λ M are zero when (2.57) holds. This implies that W π (T) = c M , by (2.31), meaning that the value function V M in (2.56) is zero. To summarize, we have the following. 
If ∃ π ∈ Π f satisfying (2.57), then by Corollary 2.15, we get the nonlinear equation
Writing the dependence of ξ(·) and ρ(·) on π in (2.60) explicitly, we are looking for a solution to the nonlinear equation
for π. In general, numerical methods should be used to get a solution (among possibly multiple solutions) to this equation. We will show the existence of the solution in the constant coefficients case. Proof. Let Δ > 0 be given. When n = 1, the existence of a solution in the interval (γ/(μ− r), ∞) follows from Remark 2.22. When n > 1, the problem can be reduced to the onedimensional case as follows: for each i = 1,...,n, consider weights of the form
where σ i is the ith row of the matrix σ. Since μ(i) − r > 0 and |σ i | > 0, for each i = 1,...,n, (2.61) reduces to the one-dimensional problem Moreover, if the manager had an increasing concave utility function, an optimal fund weight π maximizes υ π (0), as in [6] , even though the investor has mean-variance preferences. However, π still does not maximize after-the-fees Sharpe ratio ρ. Indeed, an optimal π could be very close to γ/(μ − r) or may not exist in this setup (e.g., when υ(π) is 
Financial interpretation, extension to multiple managers.
In a single manager framework, the manager has full access to the stock market. By observing the response of the investor to the possible fund strategies, she can choose an optimal fund portfolio from her perspective. By (2.59), for each dollar that investor keeps in the fund at time t (the dollar proportion invested in each stock in the fund is π i (t)), she invests π i (t)(exp(γ T t ρ(s)ds − 1)) dollars for each stock i, for i = 1,...,n, in her own portfolio. Note that, provided π(t) is feasible for the investor, some of the π i 's are allowed to be negative indicating short selling of such stocks. In the constant coefficients case, she can find a constant feasible fund portfolio weight π and a hedging portfolio ψ for her own investment so that the target wealth c M is always achieved with zero variance.
The set of feasible fund weights depends on the fee rate γ. Therefore, the optimal π depends on γ, too. Our numerical simulations for Example 2.25 indicates that the optimal fund portfolio proportion π(γ) is a linear increasing function of γ in the one-dimensional constant coefficients case, as in Figure 2 .2. However, the value function Γ( π(γ),γ) stays constant (independent of γ > 0 and is equal to 6232.4513) for the optimal strategies, similar to the results in [6] . Therefore, it does not matter which agent decides the fee rate. For a heuristic discussion of these results, see also Appendix C.
In general, the risk for the investor increases with c, by Remark 2.12. In the onedimensional constant coefficients case, it is an increasing function of c M if υ(p) is monotonically decreasing on (γ/(μ − r),∞), by Remarks 2.12 and 2.22 and Lemma 2.21. Moreover, the c and c M values compete with each other. So, when the manager increases her target level c M , the investor should decrease c to maintain the same level of the risk. Otherwise, he will face a higher level of variance due to a decrease in the optimal fund portfolio weight π. In this case, he would be paying management fees for a fund primarily consisting of the risk-free bond. This fact implies that in a single manager framework, the manager can take advantage of the investor as being the strategic leader and the only service provider. However, the case of multiple managers would allow the investor to benefit from a competition among various managers using the identity (2.25). This fact can be expressed by the following general result in a multidimensional setting. 
